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A Tracking Performance Comparison of the
Conventional Data Transition Tracking

Loop (DTTL) with the Linear Data
Transition Tracking Loop

(LDTTL)
M. K. Simon1

The tracking (mean-square timing-error) performance of a linearized data-
transition tracking loop (LDTTL) is presented. The difference between the LDTTL
and the conventional DTTL is that the hard-limiter nonlinearity in the conven-
tional DTTL’s inphase arm is replaced by a linear device, as suggested by the
maximum a posteriori (MAP) open-loop estimate of symbol timing at low symbol
signal-to-noise ratio (SNR). The application of such a configuration is for error-
correction-coded communication systems where current coding technology suggests
symbol SNR values perhaps as low as −6 dB. The mean-square tracking jitter per-
formances of the LDTTL and the conventional DTTL are compared over a wide
range of symbol SNRs, with the former offering a noticeable advantage at low sym-
bol SNRs.

I. Introduction

The data-transition tracking loop (DTTL) [1,2] was introduced in the late 1960s as an efficient symbol
synchronization means for tracking a nonreturn-to-zero (NRZ) data signal received in additive white
Gaussian noise (AWGN). The scheme as originally proposed is an inphase–quadrature (I-Q) structure
where the I arm produces a signal representing the polarity of a data transition (i.e., a comparison of
hard (±1) decisions on two successive symbols) and the Q-arm output is a signal whose absolute value is
proportional to the timing error between the received signal epoch and the receiver’s estimate of it. The
result of the product of the I and Q signals is an error signal that is proportional to this timing error,
independent of the direction of the transition.

Years later, it was demonstrated that the closed-loop structure of the DTTL could be motivated by
the maximum a posteriori (MAP) open-loop estimate of symbol timing based on an observation of, say,
K symbols at high symbol signal-to-noise ratio (SNR), which at the time was in fact the SNR region of
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interest. As the design of communication systems became more and more power efficient through the use
of error-correction coding, a greater and greater demand was placed on the symbol synchronizer, which
now had to operate in a low symbol SNR region, with values based on today’s coding technology perhaps
as low as −6 dB. Since in this very low symbol SNR region the DTTL scheme as originally proposed
would no longer be the one motivated by MAP estimation theory, it is also likely that its tracking
capability would be seriously degraded in this region of operation. Furthermore, one would anticipate
that a modification of the DTTL structure in accordance with the low SNR MAP timing estimate wherein
the I-arm hard decisions are replaced by soft decisions (the hard limiter is replaced by a linear device)
should outperform the conventional DTTL.

This article examines such a modified DTTL, herein called the linear DTTL (LDTTL) and compares
its tracking performance as characterized by the mean-square timing error to that of the conventional
scheme, which has been well established in the past and is documented in [1,2]. Assuming an NRZ data
input, it is shown that, depending on the Q-arm window width, the LDTTL can achieve a gain of as
much as 4 dB in loop SNR at a symbol SNR of −6 dB relative to that of the conventional DTTL with a
hard-decision I-arm transition detector.

II. Performance Analysis of the LDTTL

Consider the linear DTTL illustrated in Fig. 1.2 The input signal is assumed to be an NRZ signal,
i.e., a random pulse train with binary polarities, which is mathematically characterized as

s(t, ε) =
√

S

∞∑
n=−∞

dnp (t − nT − ε) (1)

where S is the signal power, p(t) is a unit amplitude rectangular pulse of duration T seconds, {dn} is
an independent and identically distributed (i.i.d.) ±1 sequence with dn representing the polarity of
the nth data symbol, and ε is the unknown symbol timing epoch, which is assumed to be uniformly
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Fig. 1.  The linear data-transition tracking loop.

2 The conventional (nonlinear) DTTL has the identical configuration except that a hard limiter is included in the I arm
prior to the transition detector.
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distributed in the interval −T/2 ≤ ε ≤ T/2. The additive noise n(t) is a white Gaussian process with
single-sided power spectral density (p.s.d.) N0 watts/hertz. The local clock produces a timing reference
for the I and Q integrate-and-dump (I&D) filters that depends on its estimate ε̂ of ε. Letting 0 ≤ ξ ≤ 1
denote the “window width” of the Q-arm I&D, then the outputs of these filters corresponding to the
kth symbol interval respectively are given by

yIk = K1

∫ kT+ε̂

(k−1)T+ε̂

r(t)dt =

ck︷ ︸︸ ︷
K1

∫ kT+ε̂

(k−1)T+ε̂

s(t, ε)dt +

νk︷ ︸︸ ︷
K1

∫ kT+ε̂

(k−1)T+ε̂

n(t)dt

yQk = K2

∫ (k+[ξ/2])T+ε̂

(k−[ξ/2])T+ε̂

r(t)dt =

bk︷ ︸︸ ︷
K2

∫ (k+[ξ/2])T+ε̂

(k−[ξ/2])T+ε̂

s(t, ε)dt +

µk︷ ︸︸ ︷
K2

∫ (k+[ξ/2])T+ε̂

(k−[ξ/2])T+ε̂

n(t)dt

(2)

Since µk and νk are not independent, it is convenient, as was done in [1,2], to express them in terms of a
new set of variables:

νk = Nk + Mk

µk = N ′
k+1 + M ′

k

(3)

where

Nk = K1

∫ (k−[1/2])T+ε̂

(k−1)T+ε̂

n(t)dt

Mk = K1

∫ kT+ε̂

(k−[1/2])T+ε̂

n(t)dt

N ′
k = K2

∫ (k−1+[ξ/2])T+ε̂

(k−1)T+ε̂

n(t)dt

M ′
k = K2

∫ kT+ε̂

(k−[ξ/2])T+ε̂

n(t)dt

(4)

with the following properties:

Nk, Mn are mutually independent for all k, n

N ′
k, M ′

n are mutually independent for all k, n

N ′
k, Mn and M ′

k, Nn are mutually independent for all k, n

N ′
k, N ′

n and Mk, Mn are mutually independent for all k �= n

Furthermore, all Mk, M ′
k, Nk, N ′

k and their sums are Gaussian random variables with zero mean and
variances
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σ2
Mk

= σ2
Nk

= K2
1N0T/4

σ2
M ′

k
= σ2

N ′
k

= K2
2ξN0T/4

(5)

Taking the difference of two successive soft decisions yIk and yI,k+1 and multiplying the average of the
result by the quadrature I&D output yQk (delayed by (1 − ξ/2)T ) gives the loop-error signal,

e(t) = ek =
(
bk + M ′

k + N ′
k+1

) [
(ck + Mk + Nk) − (ck+1 + Mk+1 + Nk+1)

2

]
,

(k + 1)T + ε̂ ≤ t ≤ (k + 2)T + ε̂ (6)

which is a piecewise constant (over intervals of T seconds) random process.

A. S-Curve Performance

The S-curve is by definition the statistical average of the error signal of Eq. (6) over the signal and
noise probability distributions, i.e.,

g(λ) �= En,s

{(
bk + M ′

k + N ′
k+1

) [
(ck + Mk + Nk) − (ck+1 + Mk+1 + Nk+1)

2

]}
(7)

Letting λ
�= (ε − ε̂)/T denote the normalized timing error (−1/2 ≤ λ ≤ 1/2), then for the assumed NRZ

signal of Eq. (1) the signal components of the I&D outputs become

bk =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

K2

√
ST

[
dk−1

(
ξ

2
+ λ

)
+ dk

(
ξ

2
− λ

)]
, 0 ≤ λ ≤ ξ

2

K2

√
STdk−1ξ,

ξ

2
≤ λ ≤ 1

2

ck = K1

√
ST [dk−2λ + dk−1 (1 − λ)] , 0 ≤ λ ≤ 1

2

(8)

Substituting Eq. (8) into Eq. (7) and performing the necessary averaging over the noise and the data
symbols dk−2, dk−1 and dk give the desired result, namely,

gn(λ) �=
g(λ)

K1K2ST 2
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

λ

(
1 − ξ

4

)
− 3

2
λ2, 0 ≤ λ ≤ ξ

2

ξ

2
(1 − 2λ),

ξ

2
≤ λ ≤ 1

2

(9)

By comparison, the corresponding result to Eq. (9) for the DTTL is [1,2]
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gn(λ) �=
g(λ)

K2

√
ST

=

⎧⎪⎪⎨
⎪⎪⎩

λerf
(√

Rs(1 − 2λ)
)
− 1

8
(ξ − 2λ)

[
erf

(√
Rs

)
− erf

(√
Rs(1 − 2λ)

)]
, 0 ≤ λ ≤ ξ

2

ξ

2
erf

(√
Rs(1 − 2λ)

)
,

ξ

2
≤ λ ≤ 1

2

(10)

where Rs
�= ST/N0 denotes the symbol SNR. Without belaboring the analysis, it is also straightforward

to show that for −(1/2) ≤ λ ≤ 0, g(λ) = −g(−λ), i.e., the S-curve is an odd function of the normalized
timing error.

Note from Eq. (9) that the normalized S-curve for the LDTTL is independent of SNR whereas that
for the conventional DTTL, Eq. (10), is highly dependent on SNR. Figure 2 is an illustration of Eq. (9)
for various values of window width ξ.

The slope of the normalized S-curve at the origin (λ = 0) will be of interest in computing the mean-
square timing-jitter performance. Taking the derivative of Eq. (9) with respect to λ and evaluating the
result at λ = 0 gives for the LDTTL

Kg
�=

dg(λ)
dλ

|λ=0 = K1K2ST 2

(
1 − ξ

4

)
(11)

whereas the corresponding result for the DTTL, based on the derivative of Eq. (10), is

Kg
�=

dg(λ)
dλ

|λ=0 = K2

√
ST

[
erf

(√
Rs

)
− ξ

2

√
Rs

π
exp(−Rs)

]
(12)

which clearly degrades with decreasing Rs.
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Fig. 2.  Normalized S-curves for linear DTTL.
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B. Noise Performance

The stochastic differential equation that characterizes the operation of the DTTL or the LDTTL is [1,2]

λ̇ = −KF (p)
[
g(λ) + nλ(t)

]
(13)

where K is the total loop gain, F (p) is the transfer function of the loop filter with p denoting the Heaviside
operator, and nλ(t) is the equivalent additive noise which characterizes the variation of the loop error
signal around its mean (the S-curve). Because of the I&D and sample-and-hold operations in the I and
Q arms of the loops, nλ(t) is a piecewise (over intervals of T seconds) constant random process. In
particular,

nλ(t) = ek − En,s{ek} = ek − g(λ), (k + 1)T + ε̂ ≤ t ≤ (k + 2)T + ε̂ (14)

with a covariance function that is piecewise linear between the sample values:

Rn(τ) |τ=mT = E {nλ(t)nλ(t + τ)} |τ=mT

= En,s

{(
ek − En,s {ek}

)(
ek+m − En,s {ek+m}

)}
= En,s {ekek+m} − g2 (λ) �= R (m, λ) , m = 0,±1,±2, · · · (15)

As is customary in the analysis of loops of this type, for loop bandwidths that are small compared to
the reciprocal of the symbol time interval, nλ(t) can be approximated by a delta-correlated process with
equivalent flat (with respect to frequency) p.s.d.

N ′
0

�= 2
∫ ∞

−∞
Rn(τ)dτ = T

[
R(0, λ) + 2

∞∑
m=1

R(m, λ)

]
(16)

Furthermore, for large loop SNR,3 it is customary to consider only the value of the equivalent power
spectral density at λ = 0, namely,

N ′
0 = T

[
R(0, 0) + 2

∞∑
m=1

R(m, 0)

]
= T

[
En,s

{
e2
k |λ=0

}
+ 2

∞∑
m=1

En,s {ekek+m |λ=0 }
]

(17)

With a good deal of effort, the following results can be obtained from Eq. (6):

3 Note that this assumption does not require that the symbol SNR be large. Large loop SNR simply implies that the loop
operates in the so-called linear region, i.e., where the mean-squared value of the timing error is small and the probability
density function (p.d.f.) of the timing error is Gaussian distributed.
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En,s

{
e2
k |λ=0

}
=

1
4

[
Es

{
b2
k (ck+1 − ck)2 |λ=0

}
+ Es

{
b2
k |λ=0

}
En

{
(Nk+1 + Mk+1)

2 + (Nk + Mk)2
}

+Es

{
(ck+1 − ck)2 |λ=0

}
En

{(
N ′

k+1 + M ′
k

)2
}

+En

{(
N ′

k+1 + M ′
k

)2 (Nk + Mk − Nk+1 − Mk+1)
2
}]

(18a)

En,s {ekek+1 |λ=0 } =

1
4

[
Es {bkbk+1 (ck+1 − ck) (ck+2 − ck+1) |λ=0 } − Es {bkbk+1 |λ=0 }En

{
(Nk+1 + Mk+1)

2
} ]

(18b)

En,s {ekek+m |λ=0 } = 0, m �= 0, 1 (18c)

Averaging Eqs. (18a) through (18c) over the noise and signal (data sequence) and then using Eq. (5), we
obtain after considerable evaluation the desired results, namely,

R(0, 0) �= En,s

{
e2
k |λ=0

}
=

(
K1K2ST 2

)2
[

ξ

4Rs

(
1 +

ξ

2
+

1
2Rs

)]
(19a)

R(1, 0) �= En,s {ekek+1 |λ=0 } = −
(
K1K2ST 2

)2 ξ2

32Rs
(19b)

R(m, 0) �= En,s {ekek+m |λ=0 } = 0, m �= 0, 1 (19c)

Combining Eqs. (19a) through (19c), the equivalent power spectral density is then

N ′
0 = T

(
K1K2ST 2

)2
[

ξ

4Rs

(
1 +

ξ

4
+

1
2Rs

)]
(20)

The equivalent quantity for the conventional DTTL can be obtained from the results in [1,2] to be

N ′
0 = T

(
K2

√
ST

)2
[

ξ

4Rs

[
1 +

ξRs

2
− ξ

2

[
1√
π

exp (−Rs) +
√

Rserf
√

Rs

]2
]]

(21)

III. Mean-Square Timing-Error Performance

The mean-square timing jitter σ2
λ of either the LDTTL or the DTTL is readily computed for a first-

order loop filter (F (p) = 1) and large loop SNR conditions. In particular, linearizing the S-curve to
g(λ) = Kgλ and defining the single-sided loop bandwidth by BL, we obtain

σ2
λ =

N ′
0BL

K2
g

(22)
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where Kg is obtained from either Eq. (11) or Eq. (12) and N ′
0 from either Eq. (20) or Eq. (21). Making

the appropriate substitutions in Eq. (22) gives the results

σ2
λ =

ξ

[
1 +

ξ

4
+

1
2Rs

]

2ρ

(
1 − ξ

4

)2 (LDTTL)

σ2
λ =

ξ

[
1 +

ξRs

2
− ξ

2

[
1√
π

exp(−Rs) +
√

Rs erf
√

Rs

]2
]

2ρ

[
erf

(√
Rs

)
− ξ

2

√
Rs

π
exp(−Rs)

]2 (DTTL)

(23)

where ρ
�= S/N0BL is the so-called phase-locked loop SNR. Figure 3 is a plot of the ratio of σ2

λ |LDTTL

to σ2
λ |DTTL in decibels as a function of Rs in decibels with quadrature-arm normalized window width ξ

as a parameter. The numerical results clearly illustrate the performance advantage of the LDTTL at low
symbol SNRs. In fact, in the limit of sufficiently small SNR, the ratio of the variances approaches the
limit

lim
Rs→0

σ2
λ |LDTTL

σ2
λ |DTTL

=

(
2 − ξ

2

)2

2π

(
1 − ξ

4

)2 (
1 − ξ

2π

) (24)

which for ξ → 0 (the theoretical value suggested by the MAP estimation of symbol synchronization
approach) becomes
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Fig. 3.  The ratio of variances of the linear DTTL to the conventional DTTL versus
symbol SNR with window width as a parameter.

σ λ
  L

D
T

T
L

2

σ λ
  D

T
T

L
2

, d
B

8



lim
Rs→0
ξ→0

σ2
λ |LDTTL

σ2
λ |DTTL

=
2
π

(25)

The fact that this ratio approaches a finite limit is not surprising in view of a similar behavior for other
synchronization loops motived by the MAP estimation approach. For example, when comparing the
conventional Costas loop (motivated by the low SNR approximation to the MAP estimation of carrier
phase) to the polarity-type Costas loop (motivated by the high SNR approximation to the MAP estimation
of carrier phase), the ratio of variances of the phase error is given by [3]

σ2
φ |Conventional

σ2
φ |Polarity-Type

=
erf2

(√
Rs

)
2Rs/ (1 + 2Rs)

(26)

which for sufficiently small SNR becomes

lim
Rs→0

σ2
φ |Conventional

σ2
φ |Polarity-Type

=
2
π

(27)

For large symbol SNR, the ratio of the variances in Eq. (23) approaches

lim
Rs→∞

σ2
λ |LDTTL

σ2
λ |DTTL

=
1 +

ξ

4(
1 − ξ

4

)2 (28)

which for small window widths results in a small penalty for removing the I-arm hard limiter.

IV. Conclusion

The implementation of a closed-loop symbol synchronizer motivated by MAP estimation of timing er-
ror for NRZ signals has a structure whose I-arm nonlinearity is dependent on the symbol SNR. For large
symbol SNR, the nonlinearity should be hard limited, which results in the conventional implementation
of the DTTL. For small symbol SNR, the nonlinearity should be replaced by a linear device, resulting in
the linear DTTL (LDTTL). Comparing the mean-square tracking-jitter performances of the two imple-
mentations clearly indicates an advantage of the LDTTL over the conventional DTTL at small symbol
SNR. At large symbol SNR, the disadvantage of the LDTTL over the DTTL can be reduced by employing
a small window width in the quadrature arm.

References

[1] M. K. Simon, “An Analysis of the Steady-State Phase Noise Performance of a
Digital Data-Transition Tracking Loop,” ICC ’69 Conference Record, Boulder,
Colorado, pp. 20-9–20-15, June 1969. Also see JPL Technical Report 900-222,
Jet Propulsion Laboratory, Pasadena, California, November 21, 1968.

9



[2] W. C. Lindsey and M. K. Simon, Telecommunication Systems Engineering, En-
glewood Cliffs, New Jersey: Prentice-Hall, Inc., 1973. Reprinted by Dover Press,
1991.

[3] W. C. Lindsey and M. K. Simon, “Optimum Design and Performance of Sup-
pressed Carrier Receivers with Costas Loop Tracking,” IEEE Trans. Commun.,
vol. COM-25, no. 2, pp. 215–227, February 1977.

10



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


